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ABSTRACT. We show that one of the de Rham curves obtained by corner
cutting is quite similar to a curve which we have constructed in [5] as a
probabilistic distribution function.
1. INTRODUCTION.
Generalized metric space example





2. DE RHAM CURVES OBTAINED BY CORNER CUTTING
De Rham Corner Cutting
(corner)
FIG. 1. $a=1/3$ (10-th step)
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4 $(-1,0),$ $(1,0),$ $(1,2),$ $(-1,2)$ curve
$[0,1]\cross[0,1]$ $M_{a}$ curve $M_{a}$
function $F_{a}$ : $[0,1]arrow[0,1]$
$F_{a}(x(t))=y(t)$ if $M_{a}(t)=(x(t), y(t))$








Parameterize $0\leq t\leq 1$ 2
$t=.t(1)t(2)\cdot\cdot$ $= \sum_{n\geq 1}t(n)2^{-n}$ where $t(n)=0,1$ $k\cdot 2^{-m}(k=$
$0,1,$ $\cdots,$ $2^{m};m\geq 1)$ rational dyadic rational $0,1$
dyadic rationals $Q_{2}$ $\sum_{1\leq n\leq m}t(n)2^{-n}$ where
$t(m)=1$ $Q_{2}^{(m)}$
$Q_{2}= \bigcup_{m\geq 1}Q_{2}^{(m)}$ (disjoint union)
e.g., $Q_{2}^{(1)}=\{1/2\},$ $Q_{2}^{(2)}=$ {1/4,3/4}, $Q_{2}^{(3)}=$ {1/8,3/8,5/8,7/8}, $\cdots$
$M(0)=(0,0),$ $M(1)=(1,1)$ corner cut
$M(. 1)=M(1/2_{t})$ , 2step corner cut
2 $M(. 01)=M(1/4)<M(. 11)=M(3/4)$





parameterize $M$ continuous curve
parameterization $[0,1]$ $M$
parameterization $\{M(t)|t\in[0,1]\}$
$0\leq t<s\leq 1$ $M(t)<M(s)$
De Rham[2] $\phi^{0},$ $\phi^{1}$
(2–1) $M(t/2)-=\phi^{0}(M(t)),$ $M((t+1)/2)=\phi^{1}(M(t))$
$M(t)(0\leq t\leq 1)$ $\phi^{0},$ $\phi^{1}$
affine
$\phi^{0}\{\begin{array}{l}xy\end{array}\}=\{\begin{array}{ll}b a0 a\end{array}\}\{\begin{array}{l}xy\end{array}\}, \phi^{1}\{\begin{array}{l}xy\end{array}\}=\{\begin{array}{ll}a 0a b\end{array}\}\{\begin{array}{l}xy\end{array}\}+\{\begin{array}{l}\hat{a}a\end{array}\}$
( $\hat{a}=1-a$ . $0\leq\alpha\leq 1$ $1-\alpha=\hat{\alpha}$ )
$M=M_{a}$ (2-1) (2-1) $M$
(2–2) $M([0,1])=M([0,1/2])\cup M([1/2,1])$
where









affine $\phi^{0},$ $\phi^{1}$ linear parts
$T_{0}=\{\begin{array}{ll}b a0 a\end{array}\}, T_{1}=\{\begin{array}{ll}a 0a b\end{array}\}$
$a,$
$b$
$a\leq b=1-2a$ , i.e., $0<a\leq 1/3,$
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$a>b=1-2a$ , i.e., $1/3<a<1/2$
Property 1 $a=1/3$
Lemma 1. 2 $T=\{\begin{array}{ll}a_{1} a_{2}b_{1} b_{2}\end{array}\}$
(1) 1 $T$ $m$ $\frac{b_{1}+b_{2}m}{a_{1}+a_{2}m}$
(2) $T$ $\lambda,$ $\mu$ $|\lambda|>|\mu|$
$u,$ $v$ $v$ $a\neq 0$
$T^{n}a$ $narrow\infty$ $u$
Proof. (1) $(1, m)$ (2)
$a$
$a=xu+yv (x\neq 0)$





$narrow\infty$ $(\mu/\lambda)^{n}arrow 0$ $u$
Corollary 1. Affine $\phi^{0},$ $\phi^{1}$ $m$
$\frac{m}{(b/a)+m}, 1+(b/a)\cdot m$
Corner Cutting
convex ( ) convex
$M$ convex ( ) Convex function
Fact convexity
Fact 1. $g$ : $[0,1|arrow[0,1]$ convex, i.e.,
$g(c\cdot x_{1}+\hat{c}\cdot x_{2})\leq c\cdot g(\dot{x}_{1})+\hat{c}\cdot g(x_{2})$
for every $0<c<1$ and $0\leq x_{1}<x_{2}\leq 1$ ,
left derivative $0<g_{-}’(x)\leq+\infty$ for any $0<x\leq 1$ ;
right derivative $0\leq g_{+}’(x)<+\infty$ for any $0\leq x<1$
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$M$ $a$ : $b$ : $a$
$M$ $x+y=1$
$(x, y)\in M\Leftrightarrow (\hat{y},\hat{x})\in M.$
$(x, y)\in M$ $x$ $y$
$F$
(i) $4(0)=0$ $F_{-}’(1)=+\infty,$
(ii) $M(1/2)=(\hat{a}, a)$ 4 $(\hat{a})\cdot F_{-}’(\hat{a})=1$
Assertion 1. $F$ $\hat{a}$ $F’(\hat{a})=1$
$F_{+}’(0)=0,$ $F_{-}’(1)=+oo$
Proof. (ii) $F’(\hat{a})^{2}=1$ $F’(\hat{a})\geq 0$
$F’(\hat{a})=1$ (2-2) $M([1/2,1])$ $M([O, 1])$ $\phi^{1}$
Corollary 1 $F_{+}’(\hat{a})=1+(b/a)\cdot F_{+}’(0)$




Example I. [The case of $a=2/5$ ]
$\phi^{0}\{\begin{array}{l}xy\end{array}\}=[^{1/5}0$ $22/55]\{\begin{array}{l}xy\end{array}\}$ $\phi^{1}\{\begin{array}{l}xy\end{array}\}=[_{2}^{2}/55$ $1/50]\{\begin{array}{l}xy\end{array}\}+[23/55]$
linear parts
$T_{0}= \frac{1}{5}\{\begin{array}{ll}1 20 2\end{array}\}, T_{1}= \frac{1}{5}\{\begin{array}{ll}2 02 1\end{array}\}$
$T_{0}$ , 2 $2/5>1/5$ 2/5
$(2, 1)$
$(1, 2)$ Lemma 1 (2) $M$ $(0,0)$
1/2 $(1, 1)$ 2
$F_{+}’(0)=1/2, F_{-}’(1)=2$
convexity $F$ bi-Lipschitz





$M$ (2-1) $M(t)$ $t\in Q_{2}$
$a=2/5$ $F_{a}(x(t))$ $x(t)$ for $t\in Q_{2}$
FIG. 2. Step 1
FIG. 3. Step 2
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FIG. 4. Example I
Fig.2, Fig.3 Fig.4 $F_{2/5}$
$x(1/2)=3/5$
$x(t)$ for $t\in Q_{2}$





Remark : $a=1/4$ $M_{a}$
Apollonius of Perga
( ( ) p.86 Archimedes
) $a=1/4$ (Apollonius) $a=1/3$ (de
Rham) 2000 $a=1/3$
(Prop.1) de
Rham [2] $M_{1/3}(t)=(x(t), y(t))$
$m(t)$ $0<t<1$ 2
$t=. 1^{n0}0^{n_{1}}1^{n}20^{n_{3}}\cdots (no\geq 0;n_{1}\geq 1, n_{2}\geq 1, \cdots)$
( $i^{n}$ $i$ $n$ )
$m(t)=[n_{0};n_{1}, n_{2}, n_{3}, \cdots]=n_{0}+\frac{}{n_{1}+\frac{1}{n_{2}+\frac{11}{n_{3}+}}}$
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$a=1/3$
$T_{0}= \frac{1}{3}\{\begin{array}{ll}1 10 1\end{array}\}, T_{1}= \frac{1}{3}\{\begin{array}{ll}1 01 1\end{array}\}$
Corollary 1 $T_{1}$ , To $m$
$1+m, \frac{m}{1+m}=\frac{1}{1+1/m}$
Minkowski’s Question Mark function $Q$
$Q^{-1}$ $m(t/2)=Q^{-1}(t)$ (cf.[2])
$F_{1/3}$ 2






$narrow\infty$ $0<s\leq 1$ $0$ $s>1$ $+\infty$
$s=1$ $F_{1/3}’(0)=0$ $s=2$ $F_{1/3}"(0)=+\infty$
3. A DISTRIBUTION FUNCTION BY INFINITELY MANY TOSSES OF
INFINITELY MANY COINS
strictly
increasing, continuous function $L$ : $[0,1]arrow[0,1]$ $L$




$n$ coin $0$” $0<$
$a_{n}<1$ 1” $b_{n}=\hat{a}_{n}=1-a_{n}$
$0,1$ infinite sequence $(t_{1}, t_{2}, t_{3}, \cdots)$
2 $t=.t_{1}t_{2}t_{3} \cdots=\sum_{n\geq 1}t_{n}/2^{n}\in[0,1]$
$L(x)=Prob\{t\leq x\}, x\in[0,1]$
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$(a_{n})_{n\geq 1}$ $L(x)=L(x;(a_{n})_{n\geq 1})$
Countable product
$\{0,1\}^{\mathbb{N}}=\prod_{n\geq 1}\{0,1\}_{n}$
2 $\{0,1\}_{n}=\{0,1\}$ probability measure $\pi_{n}(\{O\})=a_{n},$ $\pi_{n}(\{1\})=$
$b_{n}$ product prob. measure $\pi_{\infty}=\Pi_{n\geq 1}\pi_{n}$
$(x(n))_{n\in N}\in\{0,1\}^{\mathbb{N}}$ 2 $x(1)x(2)\cdots\in[0,1]$
$\Phi$ : $\{0,1\}^{N}arrow[0,1],$ $\Phi((x(n))_{n\in N})=.x(1)x(2)$ $\cdots$
$(\{0,1\}^{\mathbb{N}},\pi_{\infty})$ $[0,1]$ measure $\nu_{\infty}$
Borel set $B\subseteq[O, 1]$
$\nu_{\infty}(B)=\pi_{\infty}(\Phi^{-1}(B))$
$L(x)=\nu_{\infty}([0, x])$
$L$ : $[0,1]arrow[0,1]$ dyadic
rationals $Q_{2}= \bigcup_{m\geq 1}Q_{2}^{(m)}$ $Q_{2}^{(m)}$ 2 expansion
. $x(1)\cdots x(m-1)0111\cdots=.x(1)\cdots x(m-1)1000\cdots$
$\Phi$ 2-1 map $|\Phi^{-1}(t)|=2$ $t$ $Q_{2}$
( $1=.$ $111\cdots$ expansion 1. $000\cdots$ )
$n$ toss sequence $\sigma=(\sigma(1), \cdots, \sigma(n))$
$P(\sigma)$
$P( \sigma)=\prod_{1\leq k\leq n}(a_{k}\hat{\sigma}(k)+b_{k}\sigma(k))=\prod_{1\leq k\leq n}(a_{k}^{\hat{\sigma}(k)}\cdot b_{k}^{\sigma(k)})\cdot>0$
$(\hat{\sigma}(k)=\overline{\sigma(k})=1-\sigma(k)$
$\hat{x}(n)$ )
$r=.\sigma(1)\cdots\sigma(n)\in Q_{2}\cup\{0\},$ $s=r+2^{-n}$ $L$
(3–0) $L(s)-L(r)=P(\sigma)$
$1/n\leq a_{n}\leq 1-1/n$ for almost all $n$ $L$ continuous
continuous $L(x)$ formula by
Lomnicki-Ulam ([6])
(3–1)
$L(x)= \sum_{x(n)=1}P(x(1), \cdots x(n-1), 0))$
$= \sum_{n\geq 1}x(n)P(x(1), \cdots x(n-1),\hat{x}(n))$
where $P(x(1), \cdots x(n-1), 0)=P(x(1), \cdots x(n-1))a_{n}$
$L(x)$ seq. $(a_{n})_{n\geq 1}$ generate
$n$ shift seq. $(a_{k})_{k>n}$ generate $L^{[n]}(x)=$
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$L(x;(a_{k})_{k>n})$ 2 $x=.x(1)x(2)\cdots x(n)$ $\cdots$ $n$
$T^{n}x=.x(n+1)x(n+2)\cdots$ , $n$
truncate $x^{(n)}=.x(1)x(2)\cdots x(n)$
(3–2) $L(x)=L(x^{(n)})+P(x(1), \cdots, x(n))L^{[n]}(T^{n}x)$ $(n\geq 1)$
zoom in
$L=L^{[0]}, L^{[1]}, L^{[2]}, \cdots L^{[n]}\cdots$
$L$
(3-2) $n=1$
$L(x)=a_{1}\cdot L^{[1]}(Tx)$ if $x(1)=0,$
$L(x)=a_{1}+b_{1}\cdot L^{[1]}(Tx)$ if $x(1)=1$
$(a_{1}, a_{2}, \cdots)$ $(a_{n}, a_{n+1}, \cdots)$
$L^{[n-1]}(x)=a_{n}\cdot L^{[n]}(Tx)$ if $x(1)=0$;
$L^{[n-1]}(x)=a_{n}+b_{n}\cdot L^{[n]}(Tx)$ if $x(1)=1.$
de Rham curve affine
$\phi_{n}^{0},$ $\phi_{n}^{1}$ : $[0,1]^{2}arrow[0,1]^{2}(n\geq 1)$
$\phi_{n}^{0}(x, y)=(x/2, a_{n}y) , \phi_{n}^{1}(x, y)=(x/2+1/2, b_{n}y+a_{n})$
Le.,
$\phi_{n}^{0}\{\begin{array}{l}xy\end{array}\}=\{\begin{array}{ll}1/2 00 a_{n}\end{array}\}\{\begin{array}{l}xy\end{array}\}, \phi_{n}^{1}\{\begin{array}{l}xy\end{array}\}=\{\begin{array}{ll}1/2 00 b_{n}\end{array}\}\{\begin{array}{l}xy\end{array}\}+\{\begin{array}{l}1/2a_{n}\end{array}\}$
$L^{[n]}$ $G^{[n]}(x)=(x, L^{[n]}(x))(G^{[0]}=G, L^{[0]}=L )$
$x\in[0,1],$ $n\geq 1$
(3–3) $G^{[n-1]}(x/2)=\phi_{n}^{0}(G^{[n]}(x))$ , $G^{[n-1]}((x+1)/2)=\phi_{n}^{1}(G^{[n]}(x))$
de Rham curve (2-1)
$\phi_{n}^{0},$ $\phi_{n}^{1}$ $[0,1]^{2}$ $[0,1/2]\cross[0, a_{n}],$ $[1/2,1]\cross$
$[a_{n}, 1]$ contract 2 1
$\phi_{n}^{0}(1,1)=(1/2, a_{n})=\phi_{n}^{1}(0,0)$
(3-3) $L^{[n-1]}$




Fig. 5, 6, 7
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De Rham curve $M$ convex ( ) Example II




(3-0) $(r+s)/2=r+2^{-(n+1)}$ $\sigma^{rightarrow}0=(\sigma(1), \cdots, \sigma(n), 0)$
apply $L((r+s)/2)-L(r)=P(\sigma)$ . $a_{n+1}$
(3-0)
$L( \frac{1}{2}(r+s))=L(r)+P(\sigma)\cdot a_{n+1}=L(r)+(L(s)-L(r))\cdot a_{n+1}$
$<L(r)+(L(s)-L(r)) \cdot\frac{1}{2}=\frac{1}{2}(L(r)+L(s))$ .
[3] $(a_{n})_{n\geq 1}$ $0$
$(a_{n})_{n\geq 1}$ 1/2
Example II.
$a_{1}=b_{1}= \frac{1}{2}, a_{n}=\frac{1}{2}(1-\frac{1}{n^{2}}) , b_{n}=\frac{1}{2}(1+\frac{1}{n^{2}}) (n\geq 2)$
$L$ continuous $\epsilon_{n}=b_{n}-a_{n}$ , i.e.,









$Q_{2}$ $Q_{2}$ $r$ left derivative
right derivative $L_{-}’(r)>L_{+}’(r)$
$Q_{2}$
Formula (3-0) $r,$ $s$ $1/2\leq P(\sigma)$ . $2^{n}\leq C$
(1/2) $(s-r)\leq L(s)-L(r)\leq C$ $(s-r)$ $L$ increasing
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$0\leq r<s\leq 1$ $r,$ $s\in Q_{2}\cup\{0,1\}$
(1/2) $\cdot(s-r)\leq L(s)-L(r)\leq C\cdot(s-r)$
$L$ continuous $0\leq x<y\leq 1$
(1/2) $\cdot(y-x)\leq L(y)-L(x)\leq C\cdot(y-x)$ .
$L$ bi-Lipschitz continuous $(a_{n})_{n\geq 1}$ $(a_{n})_{n>p}$
shift $L^{\lceil p]}$ :
FIG. 5. Step 2
FIG. 6. Step 3
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FIG. 7. Example II
$0\leq x<y\leq 1$
(3–6) $B^{(p)}\cdot(y-x)\leq L^{(p)}(y)-L^{(p)}(x)\leq C^{(p)}\cdot(y-x)$
$B^{(p)},$ $C^{(p)}$ (3-4), (3-5)
$B \omega)=\prod_{n>p}(1-1/n^{2}), C^{(p)}=\prod_{n>p}(1+1/n^{2}) (p\geq 1)$
$( B^{(0)}=1/2, C^{(0)}=C)$ (3-4), (3-5)
$B^{(p)},$ $C^{(p)}arrow 1(parrow\infty)$ :
$1/2=B^{(0)}\leq B^{(1)}\leq\cdots\leq B^{(p)}\leq\cdots<1<\cdots C^{(p)}\leq\cdots\leq C^{(1)}\leq C^{(0)}=C.$
Finite seq. $(\sigma(1), \cdots, \sigma(p))$ , infinite seq. $(x(1), x(2), \cdots)$
$\Delta(\sigma(1), \cdots, \sigma(p))=P(\sigma(1), \cdots, \sigma(p))\cdot 2^{p}=\prod_{1\leq k<\eta}(1+\epsilon_{k}\cdot\sigma^{*}(k))$
,
$\Delta(x(1), x(2), \cdots)=\lim_{parrow\infty}\Delta(x(1), \cdots, x(p))=\prod_{k\geq 1}(1+\epsilon_{k}\cdot x^{*}(k))$
where $\sigma^{*}(k)=2\sigma(k)-1,$ $x^{*}(k)=2x(k)-1$




$\epsilon_{k}=1/k^{2}(k\geq 2)$ , $\sum_{k\geq 1}1/k^{2}<+\infty$ $x^{*}(k)=\pm 1$
$\Delta(x(1), x(2), \cdots)$ (3-4), (3–5)
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$1/2=\Delta(0,0, \cdots)\leq\Delta(x(1), x(2), \cdots)\leq\Delta(1,1, \cdots)=C.$
Assertion 2. (1) $x=.x(1)x(2)\cdots\in[0,1|\backslash Q_{2}$
$L’(x)=\Delta(x(1), x(2), \cdots)$ .
(2) $x=.x(1)x(2)\cdots x(n)1000\cdots=.x(1)x(2)\cdots x(n)0111\cdots\in Q_{2}$
$(n\geq 0)$
$L_{+}’(x)=\triangle(x(1), x(2), \cdots, x(n), 1,0,0,0\cdots)$ ,
$L_{-}’(x)=\Delta(x(1), x(2), \cdots, x(n), 0,1,1,1\cdots)$ .
Proof. (1) $x=.x(1)x(2)\cdots\in[0,1]\backslash Q_{2}$ binary expansion
unique $p\geq 1$ fix
$x=.x(1)\cdots x(p)x(p+1)x(p+2)$ $\cdots$ $P$
$y=.x(1)\cdots x(p)y(p+1)y(p+2) \cdots$
$($ $y\neq x)$ $x\in(0,1)\backslash Q_{2}$ $x$ expansion
$0,1$ $y$ $x$ open neighborhood
$(x-2^{-p}, x+2^{-p})$ $x=0=.000\cdots$
$y$ $x=0$ open neighborhood $[0, x+2^{-p})$
$x=1=.$ $111\cdot\cdot$ $y$ $x=1$ open neighborhood $(x-2^{-p}, 1]$
$x$ $y$ formula (3-2)
$L(y)-L(x)=P(x(1), \cdots, x(p))(L^{\lceil p]}(T^{p}y)-L^{\lceil p]}(T^{p}x))$
$y-x=2^{-p}(T^{p}y-T^{p}x)$
$\frac{L(y)-L(x)}{y-x}=\Delta(x(1), \cdots, x(p))\cdot\frac{L^{\lceil p]}(T^{p}y)-L^{[p]}(T^{p}x)}{T^{p}y-T^{p_{X}}}.$
(3-6) $B^{(p)}$ $C^{(p)}$
$B^{(p)} \cdot\Delta(x(1), \cdots, x(p))\leq\frac{L(y)-L(x)}{y-x}\leq C^{(p)}\cdot\triangle(x(1), \cdots, x(p))$.
$Parrow\infty$ $yarrow x$ $B^{(p)},$ $C^{(p)}arrow 1(parrow\infty)$
$L’(x)=\Delta(x)$
(2) $x=0,1$
$x=.x(1)x(2)\cdots x(n)1000\cdots$ $y$ $P>n$ $P$
$[x, x+2^{-p})$
$x=.x(1)x(2)\cdots x(n)$ 0111 . . . $p>n$ $P$ $y$
$(x-2^{-p}, x] (2)$
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Assertion $L’(O)=1/2,$ $L’(1)=C$, $Q_{2}$
$Q_{2}$ left derivative right derivative
$Q_{2}$ $x$
$L_{-}’(x)>L_{+}’(x)$ Assertion (2)
$L_{+}’(x)/L_{-}’(x)$ $n+1=m,$ $\Delta(x(1), \cdots, x(n))=\Delta$










ref (3) $=.708\cdots<ref(4)=.727\cdots<ref$(5) $=.753\cdots<ref(100)=.980\cdots$
$Q_{2}$ $x$ $L_{-}’(x)>L_{+}’(x)$
Fig.7 Fig.5, Fig.6
Fig. 7 ref (1) $=.2720\cdots<1$
ref (2) $=.7556\cdots$
ref $(m)$ ref $(m)arrow 1(marrow\infty)$
zoom in
4. CONCLUSION
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